Inverse estimation of biomechanical parameters of soft tissues from non-invasive measurements has clinical significance in patient-specific modelling and disease diagnosis.
Introduction
The human gallbladder (GB) is a pressurized and pear-shaped elastic balloon that attaches to a lobe of the liver, and is connected to the liver and duodenum (small intestine).
During normal fasting, the GB is relaxed, and it accommodates and concentrates the bile secreted by hepatocytes (Erlinger 1992) . The bile streams into the GB via the hepatic and cystic ducts because the sphincter of Oddi in the duodenum wall is closed. This phase is also known as the refilling process. Upon consumption of food or drinks, bile is expelled from the GB into the duodenum through the cystic and common bile ducts under rhythmic contraction of the GB and relaxation of the sphincter of Oddi. These contractions are stimulated by a chemical called hormonal cholecystokinin (CCK), which also helps digestion of food in the small intestine (Behar and Biancani 1980; Mawe 1998 ). This process is the emptying phase.
Acalculous biliary pain is a symptom of patients who suffer from significant abnormal pain in the absence of cholelithiasis (Michail et al. 2001) . The pathogenesis of such disorders is not fully understood (Parkman et al. 1999 ). Many researchers believe that it is related to mechanical responses trigged by smooth muscle contraction of the GB (Smythe et al. 1998; Parkman et al. 1999; Wegstapel et al. 1999; Amaral et al. 2001; Merg et al. 2002) . The mechanical behaviour of the human GB has been extensively studied, primarily using a linear membrane ellipsoid model (Liao et al. 2004; Li et al. 2008; Li et al. 2011a; Li et al. 2011b ).
However, to estimate the mechanical stress more accurately, it is necessary to consider the nonlinear material properties of the GB wall. Indeed, the nonlinear behaviour is shown in guinea-pig gallbladders (Ryan and Cohen 1976; Bertuzzi et al. 1992) . The work of (Bertuzzi et al. 1992) further showed that such an effect can be significant in gallbladder wall. In addition to nonlinearity, our recent work suggests that the human GB wall exhibits anisotropic behaviour (Li et al. 2012) .
A particular challenge in human GB modelling is the estimation of the patient-specific material properties. As in many other applications, measurements of human tissue elasticity can be used to indicate pathological changes caused by disease, in e.g. carcinoma of the breast (Tilleman et al. 2004) , plaque (Schulze-Bauer and Holzapfel 2003; Karimi et al. 2008 ) and aging problems (Escoffier et al. 1989; Lee et al. 2010) . Elastography which evaluates mechanical properties of bio-tissue from medical images, is becoming an increasingly researched topic, since it has the potential applications in clinical diagnoses (Samani and Plewes 2007) .
In many elastography studies one estimates either the elastic moduli (Guo et al. 2010) , or a general linear elasticity tensor (Raghupathy and Barocas 2010) directly by solving the equilibrium equations iteratively. Normally this requires solving direct linear problems repeatedly with successively updated material parameters.
The computed strain or displacement field is then matched to experimental observations or medical images. For linear materials, the inverse problem is relatively easier to solve. The mechanical properties, e.g.
Young's modulus (Guo et al. 2010) or a general linear elasticity tensor (Raghupathy and Barocas 2010) , can be determined directly from the force equilibrium equation iteratively (Moulton et al. 1995; Govindjee and Mihalic 1998; Kauer et al. 2002; Seshaiyer and Humphrey 2003; Bosisio et al. 2007; Lei and Szeri 2007; Samani and Plewes 2007; Gokhale et al. 2008; Karimi et al. 2008; Li et al. 2009; Balocco et al. 2010; Kroon 2010 ).
For a finite-strain nonlinear problem, however, solving the inverse problem is much harder, because a challenging forward problem needs to be solved from an often unknown reference (zero-stress) configuration. In the previous studies where the mechanical properties are known, a zero-pressure state, which is often used to approximate the zero-stress configuration, can be determined from the loaded configuration (Govindjee and Mihalic 1996; Govindjee and Mihalic 1998; Raghavan et al. 2006; De Putter et al. 2007; Lu et al. 2007a; Lu et al. 2007b; Gee et al. 2009; Kroon 2010; Vavourakis et al. 2011) . However, in our problem, both the zero-stress configuration and the mechanical properties are unknown; hence we estimate the zero-stress configuration from the experimental observations.
The wall structure is illustrated in the histological graph of human GB wall (Fig. 1 ).
These layers are the adventitia, muscle, mucosa and epithelium. The muscular layer is composed of many bundles of smooth muscle cells, collagen fibres and elastin. The smooth muscle cells and collagen fibres contribute to the passive response in refilling, and the smooth muscle cells are responsible for generating active stresses. Fig.1 shows that the two large smooth muscle bundles with collagen fibres together run almost orthogonal to each other in the muscle layer, where denser smooth muscle bundles run circumferentially and several isolated bundles are in the longitudinal direction. Such a feature has been confirmed by in vitro experiments in which the Young's modulus of human GB wall in the passive state was found to be orientation-dependent (Su 2005) .
In a previous paper, we used a quasi-linear elastography inverse approach to estimate GB tissue elasticity at the beginning of the emptying phase. We conducted linear analyses on a series of configurations of human GBs determined by ultrasonographic routine scans during emptying (Smythe et al. 1998; Li et al. 2008) . The transmural pressure in the GBs, which was estimated from measured volume changes (Li et al. 2008) , was applied as the loading condition. The mechanical property constants were determined so that the computed displacements at several observation points were adjusted against those from clinical measurements with the errors minimized in the least-squares sense.
In the present paper, for the GB muscle behaviour we employ a finite-strain fully nonlinear fibre-reinforced mechanical model based on the work of (Holzapfel et al. 2000) .
The patient specific constitutive constants are inversely determined from a series of ultrasonic photography images during emptying (Smythe et al. 1998 ) using the FEM package ABAQUS, MATLAB and a Python code. To avoid modelling the active stress caused by smooth muscle cross-bridge phosphorylation during the emptying phase (Hai and Murphy 1988a; Hai and Murphy 1988b; Li et al. 2011b) , here the inverse computations are carried out in the refilling phase where only the passive stress is involved.
Model and Method

CCK Provocation Test and Problem Specification
CCK provocation tests were carried out on patients who had experienced repeated attacks of biliary pain in the absence of gallstones (Cozzolino et al. 1963) . After an overnight fast, the patients were injected with an intravenous infusion of saline (control) followed by an intravenous infusion of CCK (0.05µg/kg body weight). Ultrasonography of their GBs was taken to monitor initial volume, changes in shape, and volume as well as wall thickness at 5 or 15 minute intervals for 60 minutes. The test was only considered positive when the patients' usual 'gallbladder' pain was reproduced following CCK infusion (Smythe et al. 1998 ). At point D, the sphincter of Oddi is closed, the patient is fasting, and the GB cavity volume and pressure are at their minimum levels. Between D and A, a low but positive pressure difference between the liver and the GB exists (Herring and Simpson 1907) , and hepatic bile is secreted slowly into the GB. During this refilling, the GB volume and pressure increase, and the smooth muscle in GB wall is passively stretched. At the point A, CCK starts to be infused, causing the GB to contract. The pressure in the GB rises rapidly up to point B in 3 to 10 minutes, and exceeds the pressure in the common bile duct. During this time, the sphincter of Oddi relaxes and the pressure in the common bile duct is lowered. The pressure in the GB is now much higher than in the common bile duct, and the emptying starts until the volume In the refilling phase, the GB wall is subject to a passive stretch. For simplicity, we assume the GB has the same shape at a given volume, regardless of whether it is in the refilling or emptying phase, as indicated in Fig. 2 . This allows us to use the ultrasound images taken during emptying. We further assume that the pressure increases exponentially from D p to A p as a function of time, following (Li et al. 2012 ) .
The zero-stress configuration and the loading pressure
The human GB is simplified to an ellipsoid with a constant thickness as shown in Fig.   3 (a). The axes of the ellipsoid are determined from the ultrasound images (Li et al. 2011a ).
Inspired by the image of the GB wall in Fig.1 , we let two families of fibres be oriented in the circumferential and longitudinal directions, as shown in Fig. 3 (b),
In order to examine the human GB stress-free configuration, two digital photos were taken against a GB, which was excised from a patient with gallstones, when it was full of bile and then after the bile was emptied completely (zero-pressure), as shown in Fig. 4 . By noting the length between the mark and the apex of the GB fundus as well as the width of the fundus based on the scale in the photos, and assuming the GB is ellipsoidal with a thickness of 2.5mm, it was found that the GB size shrunk by 50.6% after it was emptied, implying that the volume of zero-pressure configuration is around 50% of the filled GB, i.e. Fig. 2 . This zero-pressure configuration is also found to be approximately stress-free since no opening angles were detected after longitudinal or circumferential cuts were made on several GBs excised during cholestectomy.
There are limited intraluminal pressure measurements in vivo in the human GB during passive refilling. However, GB pressure has been monitored in vivo in the guinea pigs when the animal suffered from dietary cholesterol and indomethacin caused from cholelithiasis, by means of an infusion/withdrawal pump, catheter and pressure transducer (Brotschi et al. 1984) . The intraluminal pressure of human GB with acute cholcystitis was also measured in vivo (Borly et al. 1996) . Based on this, in this paper, we choose the basal intraluminal GB pressure to be D p =3mmHg (466.6Pa) (Borly et al. 1996) , and A p =11mmHg (1466.5Pa) (Li et al. 2008; Li et al. 2011a ).
The pressure inside the GB can be related to the volume change using the Windkessel model (Li et al. 2008; Westerhof et al. 2009 )
where C is the GB compliance, R is the downstream flow resistance, and Q is the flow rate into the GB. During the refilling, the flow rate is very slow, so can be approximated as zero, and integration of Eq. (1) gives
where DA t is the total refilling time. The conditions 
The Constitutive Model
A general constitutive model was initially proposed by (Humphrey and Yin 1987) for human soft tissues, based on a combination of existing phenomenological and microstructural features. In their work, the human soft tissue is simplified to a mixture of a homogeneous matrix and a number of families of distributed thin extensible fibres, where the fibres and the matrix share the same gross deformation field. The total strain energy is the sum of the different strain energy functions of non-muscle matrix, nonlinear straight elastin and wavy collagen fibres. For the walls of arteries, a simpler version was put forward by (Holzapfel et al. 2000) , where the elastin was part of the homogeneous, incompressible matrix material. The collagen is embedded in as fibre bundles with preferred orientations. The matrix material and collagen fibres have different strain energy functions (Holzapfel et al. 2000) so that the total strain energy function is
where the first term represents the contribution of the matrix, whereas the last two denote the collagen effect. c is the matrix material property constant, while 1 k and 2 k are the material constants for collagen. Note that in this model, the two families of fibres share the same mechanical properties. The invariants 1 I , 4 I and 6 I have the following forms (Holzapfel et al. 2000) ( )
where C is the Cauchy-Green deformation tensor, C F F T = , and F is the deformation tensor,
n (i=1,2,3) are the direction cosines for the first family of fibres, and 6i n (i=1,2,3) are a direction cosines for the second family of fibres. 4 I and 6 I are the squared stretch ratios in the directions of the two families of fibres. E is the Green-Lagrange strain tensor, and I is a 3×3 identity tensor. Note that the GB wall is assumed to be incompressible, i.e.
1 J = and the strain energy function due to the volumetric deformation is zero, i.e.
where K is the bulk modulus of the GB wall. Therefore the strain energy function in Eq. (3) represents isochoric deformation only.
The material parameters c , 1 k and 2 k are usually determined in vitro by mechanical experiment for special specimens, such as segments (Holzapfel and Weizsäcker 1998; Holzapfel et al. 2000) or strips (Holzapfel et al. 2005a ) of the aorta or the artery wall. A more recent investigation indicates the neo-Hookean strain energy function represented by the first term of Eq. (3) is able to capture the mechanical response of elastin (Watton et al. 2009 ).
We propose that the human GB wall is composed of homogeneous elastic matrix material and two families of collagen fibres and smooth muscle cells in the circumferential and the longitudinal directions. However, here we assume that each fibre family has different mechanical property constants (Fig. 3b) , and hence the strain energy function is 
in which C ϕ is the azimuth angle of the circumferential family of fibres, and L θ and L ϕ are the zenith and azimuth angles of the longitudinal family of fibres, respectively, as shown in Fig.3(a) . Because experimental information on smooth muscle cell response is lacking, in this model, the passive contribution from the smooth muscle cells is not separated from that of the collagen fibres. The last two terms in Eq.(5) present the combined contribution from smooth muscles and fibres.
The values of material parameters c , 1 k , 2 k , and 4 k are to be determined from the inverse approach.
The Computational Methods
The finite element model of each GB is generated using ABAQUS 6.11-2. A minimum of 6100 quadrilateral elements are used, and for each GB, the edge length is kept to be between 1mm-1.5mm. We use the 4-node shell element with large-strain formulation which has excellent stability in the numerical solution procedure. In solving the inverse problem, we specify the constitutive model and the material parameters in a user-subroutine in the forward problem simulation.
The optimization process is controlled using MATLAB. During each pressure-loading step, the objective function: (7) is minimized. Here N is the number of the pressure increments, chosen to be 15 here. , , j=1-3, are the computed and measured peak displacements in the x, y and z directions,
respectively.
In addition, we evaluate the volume error using ,
where , j=1-3, are the dimensions of GB at the zero-pressure loading, and 
Validations
We first validate our approach using optical measurements for human arteries (Avril et al. 2010) , and inversely estimating the material parameters β , c , 1 k and 2 k of the artery model. The dimensions of the zero-pressure configuration of the artery are shown in Fig. 6a .
Following (Avril et al. 2010) , the experimental artery is treated as membrane without residual stress, and with two spiral families of fibres, as shown in Fig. 6(a) . The experimental internal pressure loading profile is plotted in terms of artificial time in Fig. 6(b) . The length of the artificial time does not affect the computational results. All the displacements of the bottom of artery are fixed to zero, and a 10% longitudinal strain and a zero radial displacement are applied at the top of the artery. The same Hozapfel-Gasser-Ogden (HGO) law, as specified by Eq. (3), is used as the constitutive model.
The estimated material parameters β , c , 1 k and 2 k , as well as the peak radial displacement R ∆ against internal pressure are illustrated in Fig. 6(c) . The agreement between the model prediction and the experimental data is very good with the maximum error of 2.03% in the peak radial displacement. For comparison, we also plotted the peak radial displacement computed using the Fung strain energy density function. 
Results
Model Parameters
Ten human GB models were chosen to investigate the nonlinear effect of the human gallbladder wall muscles. These GBs differ in size and emptying behaviour; see the detailed parameters listed in Table 1 . For simplicity, a uniform wall thickness ( h =2.5mm in Fig. 3a) is assumed for all the models (Li et al. 2008) . The ejection fraction (EF) recorded 30 min into the emptying phase is also shown in Table 1 . A good emptying behaviour is usually accompanied by a good refilling activity, and this can be indicated by a greater value of EF or the larger peak longitudinal displacement.
The Material Parameters
The estimated material parameters of the ten GB models are tabulated in Table 2 .
These parameters change in the ranges of In general, the matrix material parameter c shows little variation from one subject to another; however, the other parameters seem to be more patient-dependent. Moreover, most of the GB samples have stiffer circumferential fibres (indicated by a larger value of 1 k ) compared with the longitudinal ones (indicated by a smaller value of 3 k ), with the exception of GB1 (Table 1) .
For comparison, we list the material parameters of the rabbit carotid artery in Table 3 obtained by (Holzapfel et al. 2000) based on the experimental data of (Fung et al. 1979 ). The material parameters of the human GB seem to be in similar ranges to those of the media of the rabbit carotid artery.
Peak Displacements
The estimated peak displacements and the p-V curves are shown in Fig. 7 for five of the GB samples. All the other samples exhibit similar patterns and are not shown. In particular, the p-V curves in Fig. 7 show that the GB volume estimated from the modelling agrees very well with that of the images. Also, the peak displacement 21. These are presumably due to the simplification of using an ellipsoid model. While such a simplification is adopted clinically, it has been pointed out that the error between the actual image and an ellipsoid assumption is around 12.5% (Pauletzki et al. 1996) .
We observe in Fig.7 that there is a kink in each curve, which occurs at the second loading step. The reason for this is that that we chose our reference configuration to be the configuration when the GB is subject to a pressure 3.5mmHg (beginning of the refilling), and ignored the initial stress in this configuration. If the parameter properties are known, one can in principle determine this initial stress. But we need to estimate the material properties in the first instance. As a result, the structure undergoes a significant displacement at the second step of loading, giving rise to the kink. Therefore, results near this kink are not accurate.
Stress field
The contours of the peak 1 st and 2 nd principal stresses at the end of refilling in GB 37 are illustrated in Fig. 8 . These are compared with the earlier results using a simplified linear membrane model , as well as with the incremental linear analysis (Li et al. 2012) . The stress patterns of the present nonlinear model are similar to those of the linear model, but the maximum and minimum principal stresses of the nonlinear material are increased to about 1.67 times to those of the linear model. Similar results are found for other GB samples. The comparisons for all other GB samples are summarised in Table 5 .
Discussion
Up to this point, we have assumed that there are two families of fibres with different
stiffnesses. An alternative, perhaps more natural choice, would be to assume that all collagen fibres are of the same quality but their density may vary with orientation. If so, then k 2 =k 4 .
By applying this constraint during the inverse procedure, we estimate and list the corresponding mechanical parameters in Table 4 . This is to be compared with Table 2 . It is clear that the parameter values (i.e. c, k 1 and k 3 ) are changed when imposing this constraint.
However, the overall variation of the parameters with the sample numbers is still similar.
Most importantly, the stress patterns under these two conditions are similar, as shown in Fig.8 , although the peak stress is slightly reduced, e.g. by about 2.2% for GB 37, when k 2 =k 4 . This suggests that a simpler model with parameters listed in Table 4 could be used to predict the stress pattern in the GB wall.
As the peak stress is found to be correlated to GB pain in our previous studies (Li et al. 2008; Li et al. 2011a) , it is important to obtain a reliable stress estimate based on routine clinical scans. The challenge is that, as in all the biological soft tissue modelling, the GB wall muscle obeys nonlinear anisotropic constitutive laws, with patient-specific material parameters that are not available from non-invasive measurements. Our earlier work shows that using a simple linear elasticity model, it is possible to predict the CCK induced GB pain with the success rate of over 76%. In this paper, we evaluate the stress in the GB model by improving our earlier simplified linear models. However, the stress evaluated in the more sophisticated nonlinear finite strain approach seems to be 1.67 times greater than the corresponding linear model (Table 5 and Figure 8(c) ).
The same effect of the zero-pressure configuration on stress estimates of human carotid atherosclerotic plaque or AAA has been reported by other groups (De Putter et al. 2007; Huang et al. 2009; Speelman et al. 2009 ). For example, if the current configuration of the artery is shrunk by 25% and 7.9% in the axial and circumferential directions in order to mimic its zero-pressure configuration, the maximum principal stress and strain is found to increase by 249.8% and 149% under an axial stretching of 1.33 (Huang et al. 2009 ).
If the linear modelling underestimates the stress level in the GB wall, then how do we explain the seemly good correlation between the "pain" predicted by the linear model (here pain is defined as when the peak stress is over a stress threshold) and the clinical observation (Li et al. 2011a )? Further inspection shows that the "stress threshold" used is evaluated from the pressure threshold measured on common bile duct inflation by saline (Gaensler 1951) , and a linear model (Case et al. 1999 ) is used to estimate the stress from the recorded pressure of the common bile duct. Hence the same degree of the underestimate of the "experimental measure" of the threshold is introduced.
To illustrate this important point, we consider the experimental data recorded when changed configurations are taken into consideration for pig common bile duct ). A linear model for the hoop stress gives (Case et al. 1999 
where p is the pressure in a common bile duct (kPa), and 0 d =7.6mm and 0 h =1mm are the diameter and thickness of the common bile duct at the zero-pressure loading ). In linear elasticity, the stress-pressure relationship is completely described by Eq.(9).
However, in the nonlinear finite strain modelling, both the diameter and wall thickness change with pressure , and the stress should be estimated using the changed (current) configuration, i.e. 
This stress-pressure relation is plotted in Fig. 9 , and compared with the results for the linear model Eq. (9). It is evident that the stress estimated by Eq. (9) is less than that of Eq. (10).
Indeed, at the peak pressure (5kPa or 37.4mmHg), the ratio of the nonlinear to linear stress is 1.57. This is consistent with the ratios we obtained in Table 5 . Importantly, Table 5 indicates that all ten GB models showed the same level of stress elevation using the nonlinear model, thus tentatively suggesting that the overall trend of the peak stress is captured using the linear model. This is presumably the reason for the good correlations between the linear stress and "linearly estimated stress threshold for pain" observed by (Li et al. 2011a ).
We further demonstrate that the increase in the magnitude of the stress is due to the change of wall thickness during the nonlinear analysis. At the end of the refilling, the thickness of the GB wall is reduced from its initial value of 2.5mm to around 1.4-1.6mm. This significant change of wall deformation is not captured by the linear model (Li et al. 2011a) . If, however, we use the reduced wall thickness in this linear model, then the final stress from the linear model agrees with the nonlinear model. This is clearly illustrated in the bottom row of Table 5 .
In h λ λ is the final thickness of GB wall at the end of refilling. Note here we made use of the incompressibility condition, 1 2 3 λ λ λ =1. Since the GB size and shape are nearly the same for both the models, the narrowed thickness in GB wall must be responsible for the increase in the magnitude of the stress.
Finally, we comment that in this paper the GB wall is assumed to be homogeneous because again we do not have experimental data to determine the inhomogeneous material properties, only non-invasive medical images. The more complicated the model, the harder it is to estimate the material properties. Given that the gallbladder wall is very thin, and that clinically it has been assumed to be a linear elastic balloon that is subject to Laplace's law, this study represents a new step in GB wall modelling by considering the nonlinear finite strain and fibre reinforced material properties. The fact that the model yields a good agreement with the imaged data suggests that the homogeneous assumption adopted here is acceptable.
The inverse nonlinear analysis approach has provided us with more insight into the stress-strain relations and the material parameters. However, this approach is considerably more complicated and time consuming compared with the linear approach, and is impractical to apply to large cohort of GB samples. In addition, direct comparison with in vitro tensile experiments is much more difficulty due to lack of experimental data. The nonlinear modelling itself also still faces the same challenges as the linear model, namely, how to estimate the intraluminal pressure non-invasively, and how to evaluate the effects of patient specific GB geometries. In view of this, it seems plausible to continue to use the linear model as a clinical tool to provide a quick first evaluation of the stress trend, as has been done successfully in the previous studies (Luo et al. 2007; Li et al. 2011a; Li et al. 2011b ), but bear in mind that the stress within the GB wall may be underestimated by approximately a factor of approximately 1.6, which reflects the ratio of the wall thickness reduction. However, for clinical cases that require careful attention and involve critical decision making, finite strain nonlinear models must used to provide more accurate stress evaluations.
Conclusions
A finite strain nonlinear approach is developed to estimate the material parameters of human GB walls from routine non-invasive clinical ultrasound images. The human GB wall is modelled as a fibre-reinforced nonlinear material using a modified HGO constitutive law.
The material parameters are estimated inversely with the forward problem solved using ABAQUS. The method proposed is validated with a published arterial model, and is subsequently used to analyse ten human GBs during refilling. It was demonstrated that the human GB wall is anisotropic. The material parameters are patient-specific. When compared with earlier linear models, we found there is a 60% increase in the maximum stress level.
However, we demonstrate that such a discrepancy is due to applying the linear theory to large nonlinear deformation of biological tissues. Importantly, we found that if the deformed configuration is used, i.e. if the deformed wall thickness reduction is considered, then the linear model gives results consistent with those predicted by the nonlinear model. Since the nonlinear modelling is much more expensive with requirements for more patient-specific parameters and the zero-loading configuration, it seems that the simpler linear model could continue to be used with caution. Table 3 Parameters of rabbit carotid artery estimated by (Holzapfel, Gasser et al, 2000) Artery A 50% decrease in volume is observed when bile is expelled from the GB.
(a) Generate zero-pressure GB configuration Set up computational model for ABAQUS using the constitutive model Eq. 
